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Èäåàëüíîå ñâîáîäíîå ðàñïðåäåëåíèå

Fretwell, Lucas (1969) On territorial behavior and other factors
in�uencing habitat selection in birds // Acta Biotheor.:

Èäåàëüíîå ñâîáîäíîå ðàñïåðåäåëåíèå (ÈÑÐ, Ideal Free Distribution,
Ideal Free Dispersal) � èòîãîâîå ðàñïðåäåëåíèå âèäà,
ïðîïîðöèîíàëüíîå êîëè÷åñòâó äîñòóïíûõ ðåñóðñîâ â êàæäîé òî÷êå
àðåàëà, êîòîðîå ðåàëèçóåòñÿ â òîì ñëó÷àå, êîãäà

êàæäàÿ îñîáü èìååò ïîëíîå çíàíèå î ñðåäå äëÿ îïðåäåëåíèÿ
íàèáîëåå áëàãîïðèÿòíîãî ìåñòîïîëîæåíèÿ äëÿ ðîñòà
(èäåàëüíîå)

ñïîñîáíà ñâîáîäíî ïåðåìåùàòüñÿ â ëó÷øåå ìåñòî (ñâîáîäíîå)

Ìàòåìàòè÷åñêèå ìîäåëè ñ ÈÑÐ äëÿ óðàâíåíèé
ðåàêöèè�äèôôóçèè-àäâåêöèè:
� Cantrell, Cosner, Lou. 2010;
� Averill, Lou, Munther. 2012;
� Korobenko, Braverman. 2012, 2014;
� Cantrell, Cosner, Martinez, Torres. 2018. 2022

Öèáóëèí Â. Ã. (ÞÔÓ) À.Î.Âàòóëüÿí � LXX 3 / 29



Ñèñòåìà äëÿ m âèäîâ

Óðàâíåíèÿ ðåàêöèè�äèôôóçèè�àäâåêöèè

u̇j = −q′j + fj , ˙( ) =
∂

∂t
( ), ( )′ =

∂

∂x
( ) (1)

qj = −kju
′
j + ujφ

′
j , j = 1, . . . ,m (2)

uj(x , t) � ïëîòíîñòü j−ãî âèäà, x ∈ [0, a]
qj � ïîòîê (äèôôóçèÿ è íàïðàâëåííàÿ ìèãðàöèÿ)
fj � ôóíêöèÿ ëîêàëüíîãî âçàèìîäåéñòâèÿ (ðåàêöèÿ)
kj � êîýôôèöèåíò äèôôóçèè, φj � ôóíêöèÿ òàêñèñà
Êðàåâûå óñëîâèÿ

uj(0, t) = 0, uj(a, t) = 0, (3)

qj(0, t) = 0, qj(a, t) = 0, (4)

uj(0, t) = uj(a, t), qj(0, t) = qj(a, t). (5)

Íà÷àëüíûå óñëîâèÿ
uj(x , 0) = u0j (x) (6)

Öèáóëèí Â. Ã. (ÞÔÓ) À.Î.Âàòóëüÿí � LXX 4 / 29



Îäèí âèä, m = 1, u1 ≡ u

Ëîãèñòè÷åñêèé çàêîí ðîñòà

u̇ = −q′ + µu

[
1− u

p(x)

]
, q = −ku′ + uφ′, (7)

Ïðè k = φ = 0 ìîäåëü Ôåðõþëüñòà

du

dt
= µu

[
1− u

p(x)

]
Ñòàöèîíàðíîå ðåøåíèå u⋆(x) = p(x) äàåò ÈÑÐ!

Ïóñòü k > 0, íàéäåì φ, ÷òîáû ñîõðàíèëîñü ðåøåíèå u⋆(x)

0 = (ku′⋆(x)− u⋆(x)φ
′)
′
= (kp′(x)− p(x)φ′)′

Íàïðèìåð â ñëó÷àå q(0, t) = 0, q(a, t) = 0 ïîäõîäèò ôóíêöèÿ:

φ = k ln p(x)
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Ìîäåëü êîíêóðèðóþùèõ ïîïóëÿöèé

Óðàâíåíèÿ ðåàêöèè�äèôôóçèè�àäâåêöèè äëÿ äâóõ ðîäñòâåííûõ
âèäîâ (îáùèé ðåñóðñ p(x))

u̇j = −q′j + µjuj

(
1− u1 + u2

p(x)

)
, (8)

qj = −kju
′
j + uj

(
αj ln p(x) +

2∑
i=1

βji ln uj

)′

, j = 1, 2 (9)

µj � êîýôôèöèåíòû ðîñòà
αj ,, βji � êîýôôèöèåíòû íàïðàâëåííîé ìèãðàöèè
Ïðè âûïîëíåíèè

kj = αj +
2∑

i=1

βji (10)

èìååòñÿ îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé

u1 = (1− θ)p(x), u2 = θp(x), θ ∈ [0, 1] (11)

Ñèñòåìà (8)�(9) èìååò êîñèììåòðèþ

L = [µ2u2,−µ1u1]
T (12)
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Äâóõâèäîâàÿ ñèñòåìà

Â ñëó÷àå êîñèììåòðèè ðàâíîâåñèÿ ñåìåéñòâà îáëàäàþò
èíäèâèäóàëüíûì ñïåêòðîì (V.I. Yudovich, Chaos, 1995).
Äëÿ îäíîìåðíîãî àðåàëà ðàñïðåäåëåíèå âåùåñòâåííîé ÷àñòè
(λ = ℜσ) ñïåêòðà óñòîé÷èâîñòè (βi = 0)
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m = 2, k1 = α1 = 0.4, k2 = α2 = 0.3, βij = 0
Êàæäîå ðåøåíèå èìååò îäíî íóëåâîå çíà÷åíèå, îòâå÷àþùåå
íåéòðàëüíîìó íàïðàâëåíèþ âäîëü ñåìåéñòâà, à íàáîð îñòàëüíûõ
ñïåêòðàëüíûõ õàðàêòåðèñòèê çàâèñèò îò êîíòèíóàëüíîãî íîìåðà θ.
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Ñïåêòð óñòîé÷èâîñòè

Äëÿ βi ̸= 0 òàêæå èìååòñÿ ïåðåìåííîñòü ñïåêòðà óñòîé÷èâîñòè
ðàâíîâåñèé âäîëü ñåìåéñòâà (m = 2)
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θ

λ

k1 = 0.4, k2 = 0.3, α1 = 0.43, α2 = 0.31, β12 = −0.03, β21 = −0.01

Öèáóëèí Â. Ã. (ÞÔÓ) À.Î.Âàòóëüÿí � LXX 8 / 29



Ðàçðóøåíèå ñåìåéñòâà

Óñëîâèÿ êîñèììåòðè÷íîñòè íàðóøàþòñÿ äëÿ ñèñòåìû:

ut = ∇ · [k1∇u − α1u∇ ln p − εβ1u∇v ] + η1u

(
1− u + v

p

)
,

vt = ∇ · [k2∇v − α2v∇ ln p − εβ2v∇u] + η2v

(
1− u + v

p

)
,

[k1∇u − α1u∇ ln p − εβ1u∇v ] · n = 0,

[k2∇v − α2v∇ ln p − εβ2v∇u] · n = 0.

(13)

Åñëè ε = 0, òî ñèñòåìà êîñèììåòðè÷íà ïðè óñëîâèè ki = αi è èìååò
ñåìåéñòâî ñòàöèîíàðíûõ ðàñïðåäåëåíèé

u = θp, v = (1− θ) p. (14)

(Åïèôàíîâ À.Â., ÖÂÃ, Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë,
2023)
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Ðàçðóøåíèå ñåìåéñòâà

Ïðè íåíóëåâîì ε êîñèììåòðè÷íûé äåôåêò äàåòñÿ ôîðìóëîé

D = (F , L) =)

∫
Ω

[
v

η1
β1∇ · u∇v − u

η2
β2∇ · v∇u

]
dx . (15)

Ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì è ó÷åòà êðàåâûõ óñëîâèé (ïîòîêè
íà ãðàíèöå ðàâíû íóëþ):

D =

∫
Ω

[
−∇ v

η1
· β1u∇v +∇ u

η2
· β2v∇u

]
dx . (16)
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Ðàçðóøåíèå ñåìåéñòâà

Â ðåçóëüòàòå ïîäñòàíîâêè ðåøåíèÿ äëÿ ïîñòîÿííûõ ηj ïîëó÷àåì
ñåëåêòèâíóþ ôóíêöèþ

S (θ) = θ (1− θ)

∫
Ω

[
θβ2∇

p

η2
− (1− θ)β1∇

p

η1

]
· p∇pdx . (17)

Ñåëåêòèâíàÿ ôóíêöèÿ îáðàùàåòñÿ â íîëü ïðè θ = 0, θ = 1, ÷òî
ñîîòâåòñòâóåò ïîëóïîëîæèòåëüíûì ðåøåíèÿì u = 0, v = p è u = p,
v = 0, à òàêæå ïðè

θ =

(
1 +

β2I2
β1I1

)−1

, Ij =

∫
Ω

∇ p

ηj
· p∇pdx , j = 1, 2. (18)

Åñëè 0 < θ < 1, òî èìååò ìåñòî ñîñóùåñòâîâàíèå âèäîâ.
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Ðàçðóøåíèå ñåìåéñòâà. Óñòàíîâëåíèå

Ìãíîâåííûå ïðîôèëè ïëîòíîñòåé u(x , tj) (ñèíèé) è v(x , tj) (çåëåíûé)

1

0

1

0

1

0

1

k1 = α1 = 1, k2 = α2 = 2, η1 = 2, η2 = 3, β1 = β2 = 0.71, ε = 0.01,
p = 1 + 0.5 cos (2πx) - ôóíêöèè ðåñóðñà (÷åðíûé öâåò).
Â ñëó÷àå èíâàçèè âèäà v (ââåðõó) è u (âíèçó) ïðîèñõîäèò
óñòàíîâëåíèå ê îäíîìó è òîìó æå îòâåòâèâøåìóñÿ îò ñåìåéñòâà
ñòàöèîíàðíîìó ðåøåíèþ.
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Èëëþñòðàöèÿ áèñòàáèëüíîñòè

Íåóñòîé÷èâîñòü ðàâíîâåñèÿ ñîñóùåñòâóþùèõ âèäîâ (çâåçäî÷êà)

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

Íà÷àëüíûå äàííûå (êðóæêè), ñõîäèìîñòü ê ïîëóïîëîæèòåëüíûì
ðåøåíèÿì (ðîìáû) (p, 0) èëè (0, p).
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Ðåñóðñ æåðòâû è äèíàìèêà õèùíèêà

Áåçäèôôóçèîííîå ïðèáëèæåíèå äëÿ ïëîòíîñòåé æåðòâû u(x , t) è
õèùíèêà v(x , t) íà íåîäíîðîäíîì àðåàëå x ∈ [0, 1] (ïðîñòðàíñòâåííàÿ
êîîðäèíàòà êàê ïàðàìåòð):

du

dt
= αu

[
1− u

p(x)

]
− β(x)uv ,

dv

dt
= −λv + µ(x)uv (19)

Åìêîñòü p(x) íåîäíîðîäíà, êîýôôèöèåíòû β(x) è µ(x) îïèñûâàþò
âçàèìîäåéñòâèå âèäîâ. Ïàðàìåòðû ðîñòà æåðòâû α è ñìåðòíîñòè
õèùíèêà λ íå çàâèñÿò îò x , èõ íàõîäÿò èç ïðîñòûõ ýêñïåðèìåíòîâ:
1) ðîñò æåðòâû áåç õèùíèêà; 2) óáûâàíèå õèùíèêà áåç æåðòâû.

Ñâÿçàíû ëè β(x), µ(x) ñ p(x)?
Ïðîàíàëèçèðóåì ðàâíîâåñèÿ (19) è èõ óñòîé÷èâîñòü.
Ìàòðèöà ßêîáè

J(u, v) =

[
a
[
1− 2u

p(x)

]
− b(x)v −b(x)u

µ(x)v −λ+ µ(x)u

]
. (20)
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Ðàâíîâåñèå u = v = 0 íåóñòîé÷èâî, ò.ê. σ1 = α > 0, σ2 = −λ.
Ðåøåíèå áåç õèùíèêà (u = p, v = 0) óñòîé÷èâî, åñëè
λ > λcr = µ(x)p(x) (σ1 = −α < 0 è σ2 = −λ+ µ(x)p(x)).

Ïîñêîëüêó λ íå çàâèñèò îò x , òî µ(x)p(x) äîëæíî áûòü ïîñòîÿííûì:
µ(x)p(x) = ω = const è λcr = ω.
Ïðè λ < λcr ïîÿâëÿåòñÿ ðàâíîâåñèå ñ æåðòâîé è õèùíèêîì

u∗ =
λ

µ(x)
=

λ

ω
p(x), v∗ =

α

β(x)

(
1− λ

ω

)
(21)

Âèäíà êîððåëÿöèÿ u(x) è p(x), åñëè λ ïîñòîÿííî.
Õàðàêòåðèñòè÷åñêèé ïîëèíîì äëÿ ðàâíîâåñèÿ (21):

σ2 +
αλ

ω
σ + λα

(
1− λ

ω

)
= 0. (22)

Ðàâíîâåñèå (21) óñòîé÷èâî, åñëè λ < λcr = ω.

du

dt
= αu

[
1− u

p(x)

]
− β(x)uv ,

dv

dt
= −λv +

ωuv

p(x)

(Ha T.D., ZPA, TVG, Ecological Complexity, 2022)
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Ñèñòåìà õèùíèê�æåðòâà

Ñèñòåìà õèùíèê�æåðòâà ñ ìíîãîôàêòîðíûì òàêñèñîì ïðè
ðàçëè÷íûõ çàêîíàõ ðîñòà æåðòâû:

u̇ = −q′1 + u [a1fn(u)− b1v ] ,

q1 = −k1u
′ + αu (ln p)′ − β11u (ln v)

′ − β12u (ln u)
′
, (23)

v̇ = −q′2 + v [−a2 + b2u] ,

q2 = −k2v
′ + β21v (ln u)

′ − β22v (ln v)
′
. (24)

u(x , t) è v(x , t) � ïëîòíîñòè æåðòâû è õèùíèêà
ai , bi � êîýôôèöèåíòû ïðèðîñòà è óáûëè âèäîâ ïðè âçàèìîäåéñòâèè
kj � êîýôôèöèåíòû äèôôóçèè

(ÇÏÀ, ÖÂÃ Áèîôèçèêà, 2021)
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Ôóíêöèîíàëüíûé îòêëèê Ëîòêè�Âîëüòåððû

Äëÿ ñèñòåìû áåç äèôôóçèè è òàêñèñà (q1 = q2 = 0) ñïðàâåäëèâà

Ëåììà

Äëÿ ïîêàçàòåëÿ ñòåïåíè â ôóíêöèè ðîñòà æåðòâû n > 0 èìååòñÿ

ñòàöèîíàðíîå ðåøåíèå, îòâå÷àþùåå ÈÑÐ äëÿ äâóõ âèäîâ,

u = λp(x), vn = λnµ(1− λ)p(x), (25)

ïðè ñëåäóþùèõ óñëîâèÿõ íà êîýôôèöèåíòû:

a1 =
µ

pn(x)
, b1 = b2 =

1

p(x)
, a2 = λ. (26)
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Ôóíêöèîíàëüíûé îòêëèê Ëîòêè�Âîëüòåððû

Ðàññìîòðèì ñèñòåìó (23)�(24) íà àðåàëå Ω ∈ [0, 1] ñ óñëîâèÿìè
ïåðèîäè÷íîñòè. Èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà

Äëÿ ëþáîãî äåéñòâèòåëüíîãî ÷èñëà n > 0 ñèñòåìà (23)�(24) èìååò
îòâå÷àþùåå ÈÑÐ ñòàöèîíàðíîå ðåøåíèå

u = λp(x), vn = λnµ(1− λ)p(x), (27)

ïðè âûïîëíåíèè óñëîâèé (26) è

k1 = α− β11 − β12, k2 = β21 − β22. (28)

Äîêàçàòåëüñòâî ïîëó÷àåòñÿ ïðÿìîé ïîäñòàíîâêîé (26)�(28) â
(23)�(24)
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Îòêëîíåíèå îò ÈÑÐ

Ïóñòü èìååòñÿ òàêñèñ æåðòâû íà ðåñóðñ p(x), ò.å. β11 = β12 = 0, à
õèùíèêà � òîëüêî íà æåðòâó, ò.å. β21 = β, β22 = 0.
Êàê ìåíÿåòñÿ ðåøåíèå ïðè íàðóøåíèè óñëîâèé íà ïàðàìåòðû

k1 = α+ ε, k2 = β + γε (29)

Ðàçûñêèâàåì ñòàöèîíàðíîå ðåøåíèå â âèäå ôîðìàëüíîãî ðÿäà

u = u0 + εu1 + ε2u2 + . . . , (30)

v = v0 + εv1 + ε2v2 + . . . . (31)

Ïðè ïåðâîé ñòåïåíè ε ïîëó÷àåì

0 =

[
αu′1 + λp′ − α

u

p
p′
]′

− λ(µu1 + v1) ≡ g1,

0 = β

[
v ′
1 + γ

µ

β
(1− λ)p′ − µ(1− λ)p

(
u1
λp

)′

− v1
p
p′

]′
+ µ(1− λ)u1 ≡ g2.
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Îòêëîíåíèå îò ÈÑÐ

Âûðàæåíèÿ gj ìîæíî çàïèñàòü â âèäå

g1 =

[
αp

(
u1
p

)′

+ λp′

]′
− λ(µu1 + v1),

g2 =

[
βp

(
λv1 − µ(1− λ)u1

λp

)′

+ γµ(1− λ)p′

]′
+ µ(1− λ)u1.

Èç ñòàöèîíàðíîñòè gj = 0 èíòåãðèðîâàíèåì ïî x ïîëó÷àåòñÿ∫
Ω

u1dx = 0,

∫
Ω

v1dx = 0.

Ïðè íàðóøåíèè óñëîâèé ÈÑÐ âêëàä äîáàâîê ïåðâîãî ïîðÿäêà äëÿ
îòêëîíåíèé îò ÈÑÐ�ðàñïðåäåëåíèé æåðòâû è õèùíèêà (30)
ñóììàðíî íèâåëèðóåòñÿ.

Äëÿ àíàëèçà ðàñïðåäåëåíèÿ äîáàâîê íåîáõîäèì âû÷èñëèòåëüíûé
ýêñïåðèìåíò.
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×èñëåííûå ðåçóëüòàòû

Ñòàöèîíàðíûå ðàñïðåäåëåíèÿ æåðòâû u è õèùíèêà v (ââåðõó) è
óñòàíîâëåíèå ïî âðåìåíè (âíèçó): k1 = 0.15
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ÈÑÐ ïðè µ1 = 4, η1 = 5, µ2 = 6.5, η2 = 5, k1 = 0.1, k2 = 0.2,
α1 = 0.2, β1 = 0.1, β2 = 0.2, ôóíêöèÿ ðåñóðñà p(x) = 1 + 1

3 sin 2πx
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×èñëåííûå ðåçóëüòàòû

Ãðàôèêè çàâèñèìîñòè ïëîòíîñòåé æåðòâû u è õèùíèêà v îò
êîîðäèíàòû (ââåðõó) è óñòàíîâëåíèå ïî âðåìåíè (âíèçó); β2 = 0.15

0 0.2 0.4 0.6 0.8 1

x

0

0.5

1

1.5

u
, 
v
, 
p

p

u

v

0 0.2 0.4 0.6 0.8 1

x

0.2

0.3

0.4

0.5

0.6

0.7

u
/p

, 
v
/p v/p

u/p

0 2 4 6 8 10

t

0

0.2

0.4

0.6

0.8

1

v

0 2 4 6 8 10

t

0

0.2

0.4

0.6

0.8

1

u

ÈÑÐ ïðè µ1 = 4, η1 = 5, µ2 = 6.5, η2 = 5, k1 = 0.1, k2 = 0.2,
α1 = 0.2, β1 = 0.1, β2 = 0.2, ôóíêöèÿ ðåñóðñà p(x) = 1 + 1

3 sin 2πx
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Äâóìåðíûé àðåàë, íóëåâûå ïîòîêè íà ãðàíèöå

Ìîäåëü äëÿ æåðòâû u(x , t) è õèùíèêà v(x , t):

∂tu = −∇q1 + F1, q1 = −k1∇u + α1u∇Q1,−α2u∇Q2, (32)

∂tv = −∇q2 + F2, q2 = −k2∇v + α3v∇Q3 ∇ = (∂x , ∂y) (33)

Ïîòîêè qi , (i = 1, 2), êîýôôèöèåíòû äèôôóçèè ki , ôóíêöèè
íàïðàâëåííîé ìèãðàöèè Qj (j = 1, 2, 3) ñ êîýôôèöèåíòàìè αi .
Ðàçëè÷íûå ìåõàíèçìû òàêñèñà: Q1 = Q1(p), Q2 = Q2(v) Q3 = Q3(u).
Ôóíêöèè F1, F2 îïèñûâàþò ëîêàëüíûå âçàèìîäåéñòâèÿ

F1 = µ1ufnm(u, p)− λ1g(u, v , p), (34)

F2 = µ2g(u, v , p)− λ2v , g(u, v , p) =
uv

p + Cu
. (35)

µi � ïàðàìåòðû ðîñòà, λi � êîýôôèöèåíòû ñìåðòíîñòè, g(u, v , p) �
ôóíêöèîíàëüíûé îòêëèê. Îáîáùåíèå fnm(u, p)

fn,m(u, p) =
un

pm

(
1− u

p

)
, n,m ∈ N (36)

Ëîãèñòè÷åñêèé ðîñò (n = 0, m = 0),
ãèïåðáîëè÷åñêèé çàêîí (n = 1, m = 0).
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Äâóìåðíûé àðåàë. Ôóíêöèÿ ðåñóðñà
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Ïðîïîðöèîíàëüíîñòü æåðòâû è õèùíèêà

ν = n + 1−m = 1, fn,m(u, p) =
un

pm

(
1− u

p

)

Ïëîòíîñòè æåðòâû u(x , y) (ñèíèé) è õèùíèêà v(x , y) (êðàñíûé)
Ôóíêöèÿ ðåñóðñà p(x , y) � çåëåíûé
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Æåðòâà è õèùíèê â ïðîòèâîôàçå

ν = n + 1−m = −1, fn,m(u, p) =
un

pm

(
1− u

p

)

Ïëîòíîñòè æåðòâû u(x , y) (ñèíèé) è õèùíèêà v(x , y) (êðàñíûé)
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Êîëåáàòåëüíûé ïðîöåññ

Êîëåáàòåëüíûé ïðîöåññ
Ôóíêöèÿ ðåñóðñà p(x , y) � çåëåíûé
ïëîòíîñòü æåðòâû u(x , y) � ñèíèé
ïëîòíîñòü õèùíèêà v(x , y) � êðàñíûé
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